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1. Introduction and preliminaries
The notion of linear skew-product semiﬂows (LSPS) arises naturally when one considers the linearization along an
invariant manifold of a dynamical system (generated by an autonomous differential equation), especially in the inﬁnite-
dimensional case [26, Chapter 4]. On the other hand, one can associate to a linear non-autonomous differential equation
a linear skew-product semiﬂow whose asymptotic behavior such as exponential stability or dichotomy is closely related to
that of the equation under consideration (see Sacker and Sell [19–24] and Hale [6]). Recently (see, e.g., Chow and Leiva
[3], Latushkin and Schnaubelt [15], Sell and You [26]), there has been an increasing interest in the asymptotic behavior of
linear skew-product semiﬂows over ﬂows. To the best of our knowledge, the main results in this direction are focused on
the characterization of exponential dichotomy of linear skew-product semiﬂows over ﬂows in terms of Sacker–Sell spec-
tral properties [19] or the hyperbolicity of the associated evolution semigroups and their generators [3,15]. In particular,
a characterization of exponential dichotomy for linear skew-product semiﬂows over ﬂows was given in [19] assuming the
dimension of the unstable manifold to be ﬁnite. Meanwhile, in [15] a characterization is given through the hyperbolicity
of the associated evolution semigroup and its generator. Another characterization in [3] uses discrete linear skew-product
semiﬂows over discretized ﬂows.
Once the exponential dichotomy is characterized, such a characterization can be used to study its robustness (linear
perturbations) and the existence of invariant manifolds (nonlinear perturbations). We refer the reader to [3,5,10,19] (and
references therein) for the results on roughness of exponential dichotomies and to [1,4,17,27,28] for applications of char-
acterization of exponential dichotomies to nonlinear systems deﬁned on the whole line. Furthermore, the existences of
invariant manifolds for semi-linear equations on the half-line are obtained in [8,9,11,12]. We would like to emphasize that
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of the exponential dichotomy on a half-line.
In this paper we will make an attempt to characterize exponential dichotomy in a more general setting and consider
linear skew-product semiﬂows over semiﬂows, i.e., there is only a semiﬂow on the base space. This setting is particularly
appropriate in the inﬁnite-dimensional case since in this case the dynamical systems restricted to invariant manifolds are
only semiﬂows in general.
In our recent results [10], we have given a characterization for LSPS over semiﬂows using the integral equations related
to corresponding cocycles. However, to obtain such results, we have had to suppose that every positive trajectory on the
base is homeomorphic to the half-line R+ (see [10, Hypothesis 3.5]). In the present paper, we will remove this condition. To
that purpose, we will use the method of discretizing the linear skew-product semiﬂow to obtain the corresponding discrete
linear skew-product semiﬂow. This is a natural extension of the discretizing technique which can be traced back to Henry
[7] (see also [3,13,14] for recent results on dichotomy using this technique). As a result, we obtain a characterization of the
exponential dichotomy of a linear skew-product semiﬂow over a semiﬂow. We then use this characterization to prove the
robustness of exponential dichotomy. Our results are contained in Theorems 3.5, 3.7, 3.9, 4.2 and 4.3. We also illustrate our
results by the Examples 4.4 and 4.5. We now start by some preliminaries.
Consider the (trivial) Banach bundles E := X ×Θ where X is a ﬁxed Banach space(the state space) and Θ is a topological
Hausdorff space(the base space). Throughout this paper we shall consider the following sequence spaces endowed with the
sup-norm.
l∞(N, X) :=
{
v = {vn}n∈N: vn ∈ X: sup
n∈N
‖vn‖ < ∞
}
:= l∞,
l0∞(N, X) :=
{
v = {vn} ∈ l∞; v0 = 0
} := l0∞,
l∞
([n0,∞), X) := {v = {vn} ∈ l∞; 0< n0  n ∈N}.
On the base space Θ , the semiﬂow is now deﬁned as follows.
Deﬁnition 1.1. A family (ϕt)t0 of maps ϕt : Θ → Θ is called a continuous semiﬂow on Θ if the following properties hold:
(i) The map (θ, t) → ϕtθ is continuous,
(ii) ϕ0θ = θ;ϕt+s = ϕtϕs for all t, s ∈ R+ and θ ∈ Θ .
Given a semiﬂow, the linear skew-product semiﬂow (LSPS) can then be deﬁned as follows.
Deﬁnition 1.2. A linear skew-product semiﬂow Π = (Φ;ϕ) on E = X ×Θ is a mapping:
Π : E ×R+ → E,
Π(x, θ, t) = (Φ(θ; t)x;ϕtθ)
where (ϕt)t0 is the semiﬂow on Θ and (Φ(θ; t))θ∈Θ;t∈R+ is the (strongly continuous, exponential bounded) cocycle satis-
fying the following properties.
(1) Φ(θ; t) ∈ L(X); Φ(θ;0) = Id (the identity operator on X) for all θ ∈ Θ; t ∈ R+ .
(2) The maps (θ; t) → Φ(θ; t)x are continuous for each x ∈ X .
(3) The cocycle identity is satisﬁed, i.e.,
Φ(θ; t + s) = Φ(ϕtθ; s)Φ(θ; t) for all t, s 0 and θ ∈ Θ.
(4) There exist constants N , α such that∥∥Φ(θ; t)∥∥ Neαt for t  0 and θ ∈ Θ.
We now give some example of LSPS.
Example 1.3. Consider the following nonlinear differential equation
θ˙ (t) = f (θ(t)), t  0; θ ∈ Rn. (1.1)
We suppose that f is smooth enough so that the solutions of (1.1) are unique. If Θ is a compact set which is invariant
under the solutions of (1.1), then on Θ one can deﬁne a semiﬂow ϕ where ϕtθ (with θ ∈ Θ , t ∈ R+) is the solution of Eq.
(1.1) with the initial condition ϕ0θ = θ .
For each θ ∈ Θ , we shall consider the variational equation of (1.1) around the solution ϕtθ
48 T.H. Nguyen, P. Ha / J. Math. Anal. Appl. 362 (2010) 46–57x˙(t) = A(ϕtθ)x(t), x ∈Rn (1.2)
where A(ϕtθ) = Df (ϕtθ).
If Φ(θ, t) denotes the fundamental matrix of (1.2) with Φ(θ,0) = I , then the mapping
Π :Rn ×Θ ×R+ → Rn ×Θ,
Π(x, θ, t) = (Φ(θ; t)x;ϕtθ)
is a linear skew-product semiﬂow on the trivial vector bundle E = Rn × Θ . The existence of an exponential dichotomy of
this linear skew-product semiﬂow plays an important role in the study of the dynamical feature of Eq. (1.1) (see [23–25]).
Considering differential equations in inﬁnite-dimensional Banach spaces we have the following example.
Example 1.4. Consider the following non-autonomously perturbed differential equation:
dx
dt
= (A + B(ϕtθ))x, θ ∈ Θ, t  0 (1.3)
where x(·) takes values in a Banach space X , A is generator of a strongly continuous semigroup (T (t))t0 on X , Θ is a
topological Hausdorff space which is invariant under the semiﬂow ϕt , and B ∈ Cb(Θ,L(X)).
By the similar way as in [2], one can proved that Eq. (1.3) generates a linear skew-product semiﬂow π = (Φ,ϕ) given by
π(x, θ, t) = (Φ(θ, t)x,ϕtθ),
Φ(θ, t)x = T (t)x+
t∫
0
T (t − s)B(ϕsθ)Φ(θ, s)xds (1.4)
over semiﬂow ϕt .
More generally, we have the following example.
Example 1.5. Consider the following non-autonomous differential equation
dx
dt
= (A(t)+ B(ϕtθ))x, θ ∈ Θ, t  0 (1.5)
where x(·) takes values in a Banach space X , the family of unbounded operators A(t) generates a strongly continuous
evolution family (U (t, s))ts0 on X (see Pazy [18] for detailed treatments of evolution families and non-autonomous
Cauchy problems for unbounded operators and applications to partial differential equations), Θ is a topological Hausdorff
space which is invariant under the semiﬂow ϕt , and B ∈ Cb(Θ,L(X)).
By the similar way as in [26], one can proved that Eq. (1.5) generates a linear skew-product semiﬂow π = (Φ,ϕ) given
by
π(x, θ, t) = (Φ(θ, t)x,ϕtθ),
Φ(θ, t)x = U (t,0)x+
t∫
0
U (t − s)B(ϕsθ)Φ(θ, s)xds (1.6)
over semiﬂow ϕt . We again note that, because of the nature of partial differential equations, the LSPS obtained here is the
LSPS over semiﬂows.
We refer the reader to [2,3,26] for more concrete applications and systematic treatment of LSPS over ﬂows.
To deﬁne and study the exponential dichotomy of LSPS we need the following concept of projector on E .
Deﬁnition 1.6.
(i) A mapping P : E → E is said to be a projector if P is continuous and has the form
P(x; θ) = (P(θ)x; θ)
where P (θ) is a bounded projection on X for each θ ∈ Θ .
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P
(
ϕtθ
)
Φ(θ; t) = Φ(θ; t)P (θ), t  0, θ ∈ Θ.
We now deﬁne the exponential dichotomy of a LSPS over semiﬂows.
Deﬁnition 1.7. A linear skew-product semiﬂow (LSPS) Π on a Banach bundles X × Θ is said to have an exponential di-
chotomy if there exists an invariant projector P such that:
(a) Φ(θ; t)|ker P (θ) : ker P (θ) → ker P (ϕtθ) is an isomorphism whose inverse is denoted by
Φ
(
ϕtθ;−t) : ker P(ϕtθ)→ ker P (θ).
(b) There exist constants N; ν > 0 such that∥∥Φ(θ; t)x∥∥ Ne−νt‖x‖ for x ∈ P (θ)X, t  0,∥∥Φ(θ; t)x∥∥ Neνt‖x‖ for x ∈ ker P (θ), t < 0.
2. Discrete skew-product
As said above, to investigate the exponential dichotomy of a LSPS we use the method of discretization. That is, we
discretize the (continuous) LSPS to obtain some kind of discrete skew-product. We next use the so-called input–output
technique (see [3,7]) to obtain characterizations of the exponential dichotomy of discrete skew-product. We then convert
the results to the (continuous) LSPS by using the equivalence between the existence of exponential dichotomy of LSPS and
that of its discretized skew-product. We now start with the basic deﬁnition and properties of discrete LSPS.
Deﬁnition 2.1. Let (ϕtθ)t0 is a semiﬂow on Θ . A discrete skew-product is a mapping Π∗ = (Φ;ϕ) : E × N → E which is
given by
Π∗(x, θ,n) = (Φn(θ)x;ϕnθ)
where, Φn(θ) ∈ L(X) for each (n, θ) ∈ N×Θ , satisfying the following properties:
(i) there exists ρ > 0 such that ‖Φn(θ)‖ ρ for all n ∈ N and θ ∈ Θ ,
(ii) the mapping (x; θ) → Φn(θ)x is continuous for each n ∈N.
Remark 2.2. For a (continuous) LSPS Π = (Φ,ϕ) we will discretize it by simply setting Φn(θ) := Φ(ϕnθ,1). Then we obtain
the corresponding discrete skew-product Π∗ = (Φ;ϕ).
We now deﬁne the exponential dichotomy of a discrete skew-product.
Deﬁnition 2.3. We say that a discrete skew product Π∗ has an pointwise discrete dichotomy over Θ if for each θ ∈ Θ there
exist the positive constants Mθ , αθ < 1; and the family of projections {Pn(θ)}n∈N on X such that:
(1) Φn(θ)Pn(θ) = Pn+1(θ)Φn(θ),
(2) Φn(θ)|ker Pn(θ) : ker Pn(θ) → ker Pn+1(θ) is an isomorphism, and we denote its inverse by Φ−1n : ker Pn+1(θ) → ker Pn(θ),
n 0,
(3) ‖Φn,m(θ)x‖  Mθαn−mθ ‖x‖ for x ∈ Pm(θ)X and n  m  0, where Φn,m(θ) = Φn−1(θ)Φn−2(θ) · · ·Φm(θ) (n > m) and
Φm,m = I ,
(4) ‖Φn,m(θ)x‖ Mθαn−mθ ‖x‖ for x ∈ Ker Pm(θ) and n<m, where Φn,m(θ) = Φ−1m+1(θ)Φ−1m+2(θ) · · ·Φ−1n (θ) (n<m).
The projections Pn(θ) and the constants Mθ , αθ are called dichotomy projections and dichotomy constants, respectively.
Remark 2.4. If Π∗ has a pointwise discrete dichotomy over Θ then by the same argument as in [3] we can see that
supn0 ‖Pn(θ)‖ < ∞. Therefore in Deﬁnition 2.2, the conditions (3) and (4) can be rewritten as: ‖Φn,m(θ)Pm(θ)‖ 
Mθα
n−m
θ (nm 0) and ‖Φn,m(θ)(Id− Pm(θ))‖ Mθαn−mθ (n <m), respectively.
Deﬁnition 2.5. We say that a discrete skew product Π∗ has a uniform discrete dichotomy over Θ if in Deﬁnition 2.3 the
dichotomy constants Mθ , αθ are independent of θ (i.e., Mθ = M; αθ = α for all θ ∈ Θ).
From Deﬁnition 2.3 the following properties are obvious.
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(i) Φn,m(θ)Φm,k(θ) = Φn,k(θ),
(ii) Φn(θ)Φn,m(θ) = Φn+1,m(θ) for all n >m k,
(iii) Φn,m(θ)Pm(θ) = Pn(θ)Φn,m(θ) for all nm,
(iv) Φn,n−1(θ) = Φn−1(θ); Φn,r(θ)Φr−1(θ) = Φn,r−1(θ) for 1 r < n.
For later use, we state the following lemma whose proof can be done easily by induction.
Lemma 2.7. Let Π∗ : E × N → E be a discrete skew product. If for a sequence y = {yn} in X and θ ∈ Θ we have that xn+1 =
Φn(θ)xn + yn ∀n ∈ N then
xn = Φn,m(θ)xm +
n−1∑
k=m
Φn,k+1(θ)yk, n >m 0.
We also need the following notion of the discrete Green’s function.
Deﬁnition 2.8. Assume that a discrete skew product Π∗ has pointwise discrete dichotomy with corresponding dichotomy
constants Mθ , αθ and projections {Pn(θ)}n∈N . We deﬁne the discrete Green’s function as follows:
Gn,m(θ) =
{
Φn,m(θ)Pm(θ) for nm 0,
−Φn,m(θ)(Id− Pm(θ)) for 0 n <m.
Then, it follows directly from the Deﬁnition 2.3 that∥∥Gn,m(θ)∥∥ Mθα|n−m|θ ∀n,m ∈N.
The following lemma plays an important role in our strategy.
Lemma 2.9. Let Π∗ : E × N → E be a discrete skew product which has pointwise discrete dichotomy over Θ . Consider y = {yn} ∈
l∞(N; X) and let x = {xn} be a sequence with each element xn belonging to X. Then, for each θ ∈ Θ the following assertions are
equivalent.
(i) x and y satisfy xn+1 = Φn(θ)xn + yn ∀n ∈N, and x ∈ l∞(N; X).
(ii) x and y satisfy xn = Φn,0(θ)P0(θ)x0 +∑∞k=0 Gn,k+1(θ)yk.
Proof. (i) ⇒ (ii): By Lemma 2.7 we have:
xr = Φr,n(θ)xn +
r−1∑
k=n
Φr,k+1(θ)yk, r > n 0.
Then,
Φn,r(θ)
[
I − Pr(θ)
]
xr = Φn,r(θ)xr −Φn,r(θ)Pr(θ)xr
= Φn,r(θ)
[
Φr,n(θ)xn +
r−1∑
k=n
Φr,k+1(θ)yk
]
−Φn,r(θ)Pr(θ)
[
Φr,n(θ)xn +
r−1∑
k=n
Φr,k+1(θ)yk
]
= xn +
r−1∑
k=n
Φn,k+1(θ)yk −Φn,r(θ)Pr(θ)Φr,n(θ)xn −
r−1∑
k=n
Φn,r(θ)Pr(θ)Φr,k+1(θ)yk.
By Remark 2.6(iii) we obtain
Φn,r(θ)
[
I − Pr(θ)
]
xr = xn +
r−1∑
k=n
Φn,k+1(θ)yk −Φn,r(θ)Φr,n(θ)Pn(θ)xn −
r−1∑
k=n
Φn,r(θ)Φr,k+1(θ)Pk+1(θ)yk
= xn +
r−1∑
Φn,k+1(θ)yk − Pn(θ)xn −
r−1∑
Φn,k+1(θ)Pk+1(θ)yk.
k=n k=n
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−Gn,r(θ)xr =
[
I − Pn(θ)
]
xn −
r−1∑
k=n
Gn,k+1(θ)yk.
Since ‖Gn,r(θ)xr‖ Mθα|r−n|θ ‖xr‖ and x = {xn} ∈ l∞(N; X), we obtain that
lim
r→∞
∥∥Gn,r(θ)xr∥∥= 0
and the series
∑r−1
k=n Gn,k+1(θ)yk converges. Therefore,
[
I − Pn(θ)
]
xn =
r−1∑
k=n
Gn,k+1(θ)yk. (2.1)
On the other hand, from the equality xn = Φn,0(θ)x0 +∑n−1k=0 Φn,k+1(θ)yk we derive that
Pn(θ)xn = Φn,0(θ)P0(θ)x0 +
n−1∑
k=0
Φn,k+1(θ)Pk+1(θ)yk.
Thus,
Pn(θ)xn = Φn,0(θ)P0(θ)x0 +
n−1∑
k=0
Gn,k+1(θ)yk. (2.2)
From (2.1) and (2.2) we get xn = Φn,0(θ)P0(θ)x0 +∑∞k=0 Gn,k+1(θ)yk .
(ii) ⇒ (i): Using Remark 2.6, one can easily see that if the sequences x = {xn} and y = {yn} satisfy xn = Φn,0(θ)P0(θ)x0 +∑∞
k=0 Gn,k+1(θ)yk then xn+1 = Φn(θ)xn + yn ∀n ∈ N.
To complete this assertion we shall prove x ∈ l∞(N; X). By Deﬁnition 2.8 we have that ‖xn‖  Mθαnθ ‖x0‖ +∑∞
k=0 Mθα
|n−k−1|
θ ‖y‖. Hence,
‖xn‖ Mθαnθ‖x0‖ + Mθ‖y‖
1+ αθ
1− αθ
ﬁnishing the proof. 
Remark 2.10. Under the hypothesis of Lemma 2.9, let x, y ∈ l∞(N; X) satisfy one of the equivalent assertions of this lemma,
and let x0 ∈ ker P0(θ). Then, by the above proof one can easily see that
‖x‖ Mθ (1+ αθ )
1− αθ ‖y‖ (2.3)
for Mθ and αθ being the dichotomy constants of discrete LSPS Π∗ .
3. Dichotomy of discrete skew-product
In this section we shall give the necessary and suﬃcient conditions for a discrete skew product to have a pointwise
discrete dichotomy or a uniform discrete dichotomy. We begin with the deﬁnitions of some difference operators which are
key tools in our strategy.
For each θ ∈ Θ we deﬁne the operator Tθ : l∞(N; X) → l∞(N; X) by
Tθ (x)n = xn+1 −Φn(θ)xn for x = {xn} ∈ l∞(N; X).
We can see that ‖xn+1 −Φn(θ)xn‖ (1+ρ)‖x‖l∞ . Therefore, we obtain that Tθ is a bounded linear operator from l∞ to l∞ .
We denote the restriction of Tθ on l0∞ by T0θ , i.e., T0θ : l0∞ → l∞(N; X) and T0θ x = Tθ x for x ∈ l0∞ . We also have that T0θ
is a bounded linear operator from l0∞ to l∞ .
Moreover, since ker Tθ = {u = {un} ∈ l∞(N; X): un = Φn,0(θ)u0}, it follows that T0θ is injective.
To estimate the growth and decay of the solutions we need the following lemmas which are taken from [14].
Lemma 3.1. Let {χn}n1>nn0 be positive real numbers and let c > 1 and K ,α > 0 be constants such that χn  Keα(n−n0) and∑n
k=n0 χnχ
−1
k  c with n0  n< n1 . Then, there exist N, ν dependent only on K , c, α such that χn  Ne−ν(n−n0) for all n0  n< n1 .
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∀nm 0. Then, there exist N, ν dependent only on c such that χn  Neν(n−m)χm ∀nm 0.
Recall that for an operator B on a Banach space Y the approximation point spectrum Aσ(B) of B is the set of all complex
number λ such that for every  > 0 there exists y ∈ D(B) with ‖y‖ = 1 and ‖(λ− B)y‖  .
To characterize the stability and dichotomy of a discrete skew-product Π∗ = (Φn,ϕn) we need the following notion of
stable subspaces X0(n0, θ) of X which are deﬁned by
X0(n0, θ) :=
{
x ∈ X: sup∥∥Φn,n0(θ)x∥∥< ∞} for each (n0, θ) ∈N×Θ.
Also, the orbit {Φn,n0 (θ)x: x ∈ X0(n0, θ)} is called a discrete bounded orbit.
The following theorem connects the spectral properties of T0θ to the exponential stability of discrete bounded orbits.
Theorem 3.3. Let the operator T0θ deﬁne as above and 0 /∈ Aσ(T0θ ) then every discrete bounded orbits of the family {Φn,m(θ)}nm0
is exponential stable.
Precisely, if supn0n∈N{‖Φn,n0 (θ)x‖} < ∞ with x ∈ X and n0  0, then there exist positive constants Nθ ;νθ < 1 independent of
n0 and x such that:∥∥Φn,n0(θ)x∥∥ Nθ νn−sθ ∥∥Φs,n0(θ)x∥∥, n s n0.
Proof. Firstly, we shall prove for the case s = n0. Since 0 /∈ Aσ(T0θ ) there exists δθ > 0 such that
‖T0θ v‖ δθ‖v‖ ∀v ∈ l∞(N; X).
Replacing δθ by a smaller one, if necessary, we can suppose that δθ < 1. Consider 0 	= x ∈ X . Without loss of generality we
can let ‖x‖ = 1. Put un = Φn,n0x; n n0; n1 = sup{n n0: Φn,n0 (θ)x 	= 0}.
For any natural number n2 satisfying n0  n2  n1 we take
v = {vn} with vn =
⎧⎪⎨
⎪⎩
0, 0 n < n0,
un
∑n
k=n0
1
‖uk‖ , n0  n n2,
un
∑n2
k=n0
1
‖uk‖ , n n2;
f = { fn} with fn =
⎧⎨
⎩
0, 0 n < n0 − 1,
un+1
‖un+1‖ , n0 − 1 n < n2,
0, n n2.
Then we have vn+1 = Φn(θ)vn + fn ∀n 0; v ∈ l0∞ and f ∈ l∞(N; X).
It follows that T0θ v = f and ‖ f ‖  δθ‖v‖. That means that 1 = ‖ f ‖  δθ supnn0 ‖un‖
∑n
k=n0
1
‖uk‖ , and hence,∑n
k=n0
1
‖uk‖ 
1
δθ
for all n n0.
Moreover, from Deﬁnition 2.1(i) we get
‖un‖ =
∥∥Φn,n0(θ)x∥∥ e(n−n0) lnρ‖x‖ = e(n−n0) lnρ.
Lemma 3.1 yields the existences of the constants Nθ = 1δθ ; αθ = ln( 11−δθ ) depending only on θ such that ‖un‖ 
Nθe−αθ (n−n0) .
Now, we ﬁx s n0, set y := Φs,n0x then supns ‖Φn,s(θ)y‖ < ∞ and
‖Φn,n0x‖ = ‖Φn,s y‖ Nθe−αθ (n−s)‖Φs,n0x‖ ∀n s 0.
Putting νθ = e−αθ , the assertion follows. 
By this theorem we obtain the following properties of the stable subspace X0(n0, θ).
Corollary 3.4. Under the conditions of Theorem 3.3 we have
X0(n0, θ) =
{
x ∈ X: ∥∥Φn,n0(θ)x∥∥ Nθe−αθ (n−n0)‖x‖: n n0}
for certain positive constants Nθ , αθ . Therefore, X0(n0, θ) is a closed subspace of X .
We now come to our ﬁrst main result. It characterizes the pointwise dichotomy of a discrete skew-product via properties
of the operators Tθ and the subspaces X0(0, θ) of X .
Theorem 3.5. For the discrete skew product Π∗ the following assertions are equivalent.
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(ii) For each θ ∈ Θ the linear operator Tθ is surjective and the stable subspace X0(0, θ) is complemented in X.
Proof. (i) ⇒ (ii): Let Π∗ has a pointwise discrete dichotomy over Θ with the corresponding family of projections
(Pn(θ))(n,θ)∈N×Θ .
For f ∈ l∞(N; X) we deﬁne v = (vn) ∈ l∞(N; X) as follow:
vn =
{∑n
k=1Φn,k(θ)Pk(θ) fk−1 −
∑∞
k=n+1Φ
−1
k,n (θ)(I − Pk(θ)) fk−1, n 1,
−∑∞k=1Φ0,k(θ)(I − Pk(θ)) fk−1, n = 0.
Then we have vn+1 = Φn(θ)vn + fn and v ∈ l∞(N; X). So Tθ v = f , hence Tθ is surjective.
We now prove that X0(0, θ) = P0(θ)X . It is clear that P0(θ)X ⊂ X0(0, θ). Conversely, take x /∈ P0(θ)X then
(I − P0(θ))x 	= 0 and we get the inequality∥∥Φn,0(θ)x∥∥ ∥∥Φn,0(θ)[I − P0(θ)]x∥∥− ∥∥Φn,0(θ)P0(θ)x∥∥ [M−1θ α−nθ − Mθαnθ ]‖x‖.
Since 0 < αθ < 1, we obtain that ‖Φn,0(θ)x‖ → ∞ as n → ∞. It follows that x /∈ X0(0, θ). So, we have X0(0, θ) ⊂ P0(θ)X .
Therefore, X0(0, θ) = P0(θ)X . This yields that X0(0, θ) is complemented in X .
(ii) ⇒ (i): We prove this in several steps.
(A) Let Z(θ) ⊂ X be a complement of X0(0, θ), i.e., Z(θ) ⊕ X0(0, θ) = X . For n 0 set X1(n, θ) = Φn,0(θ)Z(θ). Then,
Φn,s(θ)X0(s, θ) ⊆ X0(n, θ); Φn,s(θ)X1(s, θ) = X1(n, θ) (n s 0).
(B) We shall prove that there exist constants Nθ ; νθ > 0 such that∥∥Φn,m(θ)y∥∥ Nθeνθ (n−m)‖y‖ for n s 0; y ∈ X1(m, θ).
In fact, let Y (θ) := {v = {vn}n∈N ∈ l∞(N; X): v0 ∈ Z(θ)} endowed with the l∞-norm. Then Y (θ) is a closed subspace of the
Banach space l∞ and hence Y (θ) is complete.
Since X = X1(0, θ) ⊕ X0(0, θ) and Tθ is surjective, we obtain Tθ |Y (θ) : Y (θ) → l∞(N; X) is bijective so it is an isomor-
phism. Thus there is a constant δθ > 0 such that
‖Tθ v‖l∞(N;X)  δθ‖v‖l∞(N;X) for all v ∈ Y (θ). (3.1)
For x 	= 0, x ∈ X1(0, θ) set un = Φn,0(θ)x, n 0. Then, we have that un 	= 0 for every n 0.
For a natural large number ξ we take v = {vn} and f = { fn}, where
vn =
{
un
∑ξ
k=n+1
1
‖uk‖ , 0 n < ξ,
0, n ξ ;
fn =
{ −un+1
‖un+1‖ , 0 n < ξ,
0, n ξ.
Then v ∈ Y (θ); f ∈ l∞(N; X) and they satisfy the equation vn+1 = Φnvn + fn ∀n ∈N.
It follows that Tθ v = f ⇒ ‖ f ‖ δθ‖v‖. That means that
1 δθ‖un‖
ξ∑
k=n+1
1
‖uk‖ , hence, ‖un‖
ξ∑
k=n+1
1
‖uk‖ 
1
δθ
+ 1.
From Lemma 3.2 we have that ‖un‖ Nθeνθ (n−m)‖um‖, nm 0, where
Nθ = δθ
1+ δθ , νθ = ln(1+ δθ ).
Moreover, since Φm,0(θ)X1(0, θ) = X1(m, θ), we have∥∥Φn,m(θ)y∥∥ Nθeνθ (n−m)‖y‖ ∀y ∈ X1(m, θ), nm 0.
(C) We prove X = X0(n, θ)⊕ X1(n, θ), n ∈N.
Let Y (θ) ⊂ l∞(N; X) as in (B). Then, l0∞ ⊂ Y (θ), so we have ‖T0θ v‖  δθ‖v‖ for v ∈ l0∞ . Thus, 0 /∈ Aσ(T0θ ) and Corol-
lary 3.4 implies that X0(n, θ) is a closed subspace of X . Moreover, X0(n, θ) ∩ X1(n, θ) = {0} ∀n ∈ N by parts (A) and (B).
Finally, ﬁx n0 > 0 and x ∈ X ; for large natural number n1 set
v = {vn} with vn =
{
(n − n0 + 1)Φn,n0(θ)x, n0  n n1,
0, n > n1,
f = { fn} with fn =
{
Φn+1,n0(θ)x, n0  n< n1,−(n1 + 1− n0)Φn+1,n0(θ)x, n = n1,
0, n> n1.
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there exists ω ∈ l∞(N; X) such that T0θω = f .
By the deﬁnition of Tθ then vn − ωn = Φn,n0 (θ)(vn0 − ωn0 ) = Φn,n0 (θ)(x − ωn0 ) for n  n0. It follows that x − ωn0 ∈
X0(θ)(n0). Since fn = 0 for 0 n< n0, we obtain that ωn0 = Φn0;0(θ)ω0. Writing ω0 in the form ω00+ω10 for ωk0 ∈ Xk(0) (k =
0;1) we have that
ωn0 = Φn0;0(θ)ω00 +Φn0;0(θ)ω10 ∈ X0(θ)(n0)+ X1(θ)(θ)(n0).
Therefore, x = [x−ωn0 +Φn0;0(θ)ω00]+Φn0;0(θ)ω10 ∈ X0(θ)(n0)+ X1(θ)(n0). Since X0(n0, θ)∩ X1(n0, θ) = {0} we obtain that
X = X0(n0, θ)⊕ X1(n0, θ).
(D) Let Pn(θ) be the projection from X on to X0(n, θ) with kernel X1(n, θ) then from part (A) we have
Pn+1(θ)Φn(θ) = Φn(θ)Pn(θ).
From part (B) and Corollary 3.4 we have:
∥∥Φn,m(θ)x∥∥ 1+ δθ
δθ
e(n−m) ln(1+δθ )‖x‖ for x ∈ ker Pn(θ), n <m,
∥∥Φn,m(θ)x∥∥ 1
δθ
e(n−m) ln(1−δθ )‖x‖ for x ∈ Pn(θ)X, nm.
Thus Π∗ has an pointwise discrete dichotomy with the dichotomy constants αθ = 1− δθ < 1 and Mθ = 1+δθδθ . 
To characterize a discrete skew-product having uniform discrete dichotomy we need the following notion of uniform
correctness of a family of operators.
Deﬁnition 3.6. The family {Aθ }θ∈Θ is called uniformly correct if there exists a positive constant ν independent on θ such
that ‖Aθ x‖ ν‖x‖ for all θ ∈ Θ and all x ∈ D(A).
Theorem 3.7. For a discrete skew product Π∗ the following assertions are equivalent.
(i) Π∗ has an uniform discrete dichotomy.
(ii) For each θ ∈ Θ we have that Tθ is surjective and X0(0, θ) has a complement Z(θ) in X. Moreover, setting Y (θ) := {{vn}n∈N ∈
l∞(N; X): v0 ∈ Z(θ)} and {TY (θ)} being the restriction of {Tθ } on Y (θ), then the family {TY (θ)}θ∈Θ is uniformly correct.
Proof. (ii) ⇒ (i): By Theorem 3.5 (part (D)) we have that Nθ ; νθ depend only on θ . By the same technique given in
[14, Lemma 3.1] we obtain that Mθ = sup{‖Pn(θ)‖: n  0} is ﬁnite and depends only on θ . Since the family {T0θ }θ∈Θ is
uniformly correct, there exists a positive constant δ independent of θ such that ‖T0θ‖  δ for all θ ∈ Θ . Therefore, the
constant δθ in inequality (3.1) can be replaced by δ for all θ ∈ Θ .
That means there exist N; ν > 0 independent of θ such that:∥∥Φn,m(θ)Pm(θ)∥∥ Ne−ν(n−m), nm 0,∥∥Φn,m(θ)(I − Pm(θ))∥∥ Neν(n−m), 0 n <m.
Then, it follows that Π∗ has uniform discrete dichotomy.
(i) ⇒ (ii): Let Π∗ has uniform discrete dichotomy with the corresponding dichotomy constants N; α = e−ν < 1. Due
to Theorem 3.5 we need only to prove that the family { TY (θ)}θ∈Θ is uniformly correct. By the proof of Theorem 3.5
(implication (ii) ⇒ (i)) we obtain that TY (θ) is an isomorphism.
Now, for y ∈ l∞(N; X) we take x = T−1Y θ y. Then, by the deﬁnition of TY (θ) and Lemma 2.9 we have that
xn = Φn,0(θ)P0(θ)x0 +
∞∑
k=0
Gn,k+1(θ)yk.
Since x0 ∈ X1(0, θ) we obtain that P0(θ)x0 = 0, and hence,
∥∥T−1Y θ y∥∥
n−1∑
k=0
Ne−ν(n−k−1)‖y‖ +
∞∑
k=n
Neν(n−k−1)‖y‖ N‖y‖e−νn e
νn − eν
eν − 1 + N‖y‖
e−ν
1− e−ν  2N
‖y‖
ν
.
Therefore, ‖TY (θ)‖ ν > 0. 2N
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a certain operator derived from the operator Tθ . To obtain such a characterization we have to know the ker P0(θ) in
advance (see Theorem 3.9 below). Consequently, the exponential dichotomy of a discrete LSPS will be characterized by the
invertibility and uniform correctness of the restriction of Tθ to a certain subspace of l∞ . This restriction will be deﬁned as
follows.
Deﬁnition 3.8. Let (Z(θ))θ∈Θ be a family of closed subspaces of X . We deﬁne lZ(θ)∞ := {x ∈ l∞(N; X): x0 ∈ Z(θ)} and T Z(θ) :=
Tθ |lZ(θ)∞ .
We also remark that the operator T0θ is the part of T Z(θ) in l0∞ . With these notations we obtain the following character-
ization of a discrete LSPS having an exponential dichotomy.
Theorem 3.9. Let Π∗ be a discrete skew product and (Z(θ))θ∈Θ be the family of closed subspaces of X . Then, the following assertions
are equivalent.
(i) Π∗ has an uniform discrete dichotomy with the corresponding projections {Pn(θ)} satisfying ker P0(θ) = Z(θ).
(ii) For each θ ∈ Θ the operator T Z(θ) is invertible and the family {T Z(θ)}θ∈Θ is uniformly correct.
Proof. (i) ⇒ (ii): We ﬁrst prove that T Z(θ) is invertible. Indeed, for f ∈ l∞(N; X), since Tθ is surjective (by Theorem 3.5),
there exists x ∈ l∞(N; X) such that Tθ x = f . Let u ∈ l∞(N; X) be deﬁned as follow un = Φn,0(θ)P0(θ)x0; n ∈ N. Then
Tθ (u) = 0 because ker Tθ = {u ∈ l∞(N; X): un = Φn,0u0}. Note that x − u ∈ lZ(θ)∞ and T Z(θ)(x − u) = Tθ (x − u) = Tθ x = f .
Then T Z(θ) is surjective. Moreover, T Z(θ) is injective since ker T Z(θ) = {u ∈ l∞(N; X): un = Φn,0u0 for u0 ∈ P0(θ)X} ∩ {u ∈
l∞(N; X): u0 ∈ Z(θ) = ker P0(θ)} = {0}. Thus, T Z(θ) is invertible.
To complete this part we shall prove that the family {T Z(θ)}θ∈Θ is uniformly correct. In fact, since Π∗ has an uniform
discrete dichotomy, we have that the corresponding dichotomy constants M , α do not depend on θ . By Remark 2.10 we
obtain that ‖T Z(θ)‖ 1−αM(1+α) ∀θ ∈ Θ . Therefore, the family {T Z(θ)}θ∈Θ is uniformly correct.
(ii) ⇒ (i): Since T Z(θ) is invertible and the family {T Z(θ)}θ∈Θ is uniformly correct, it follows that Tθ is surjective, and
there exists δ > 0 such that ‖T Z(θ)(x)‖ δ‖x‖ ∀x ∈ lZ(θ)∞ .
We note that T0θ is the restriction of T Z(θ) on l0∞ . Therefore, 0 /∈ Aσ(T0θ ). By Corollary 3.4 X0(0, θ) is a closed subspace
of X .
We now prove that X = X0(0, θ)⊕ Z(θ). In fact, for any x ∈ X let u = {un} and f = { fn} be deﬁned by u0 = x, un = 0 for
n > 0 and f0 = −Φ0(θ)x, fn = 0 for n > 0, respectively. Then, u, f ∈ l∞(N; X) and Tθu = f . Since T Z(θ) is invertible, there
exists v = {vn} ∈ l∞(N; X) such that Tθ (v) = T Z(θ)(v) = f . Hence, u − v ∈ ker Tθ . Therefore, u0 − v0 = x − v0 ∈ X0(0, θ)
and v0 ∈ Z(θ) then x ∈ X0(0, θ) + Z(θ). If now y ∈ X0(0, θ) ∩ Z(θ) then the sequence ω = {ωn} deﬁned by ωn = Φn,0(θ)y,
n ∈ N, belongs to lZ(θ)∞ ∩ ker T (θ). Hence, T Z(θ)ω = 0. This implies that ω = 0. That yields X = X0(0, θ)⊕ Z(θ), so X0(0, θ) is
complemented in X . The assertion now follows from Theorem 3.7. 
4. Dichotomy of linear skew-product semiﬂows
In this part we give the necessary and suﬃcient conditions for linear skew-product semiﬂows to have exponential di-
chotomy. The equivalence between uniform discrete dichotomy and exponential dichotomy will be given in the following
theorem whose proof can be done in the same way as in [3, Theorem 4.1].
Theorem4.1. Assume thatΠ = (Φ,ϕ) is a linear skew-product semiﬂows on E = X×Θ . Then, the following assertions are equivalent.
(i) The discretized skew-product Π∗ given by
Π∗(x; θ;n) = (Φ(ϕnθ;1)x;ϕn(θ))
has a uniform discrete dichotomy.
(ii) Π has an exponential dichotomy.
By Theorems 3.9 and 4.1 we obtain the following characterization of a linear skew product semiﬂow having an exponen-
tial dichotomy.
Theorem 4.2. Let Π = (Φ,ϕ) be a linear skew product semiﬂow on E and (Z(θ))θ∈Θ be a family of closed subspaces of X . Then, the
following assertions are equivalent.
(a) Π has an exponential dichotomy with the corresponding projector P which has the form P(x, θ) = (P (θ)x, θ); (x, θ) ∈ X ×Θ , for
P (θ) being projections on X satisfying ker P (θ) = Z(θ).
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(T Z(θ)x)n = xn+1 −Φ
(
ϕnθ,1
)
xn for x = {xn} ∈ lZ(θ)∞
is invertible. Moreover, the family {T Z(θ)}θ∈Θ is uniformly correct.
Using Theorem 4.2 we now prove that exponential dichotomy is robust under small perturbations.
Theorem 4.3. Assume that Π = (Φ,ϕ) is a linear skew product semiﬂows on E having an exponential dichotomy with dichotomy
M and α. Then, there exists δ = δ(N;α) > 0 small enough such that any linear skew product semiﬂows Γ = (Ψ,ϕ) on E satisfying
supθ∈Θ {‖Φ(θ;1) −Ψ (θ;1)‖} δ has an exponential dichotomy.
Proof. By assumption, Π = (Φ,ϕ) has exponential dichotomy. Let P be the projector corresponding the exponential di-
chotomy of Π = (Φ,ϕ). By deﬁnition, P has the form P(x, θ) = (P (θ)x, θ) for (x, θ) ∈ X × Θ and P (θ) being projections
on X . Putting ker P (θ) = Z(θ); θ ∈ Θ , by Theorem 4.2 we have that the operator T Z(θ) : lZ(θ)∞ → l∞(N; X) deﬁned by
(T Z(θ)x)n = xn+1 −Φ
(
ϕnθ,1
)
xn for x = {xn} ∈ lZ(θ)∞
is invertible, also the family (T Z(θ))θ∈Θ is uniformly correct. Let now TΨZ(θ) be the operators corresponding to the discretized
skew-product Γ ∗ of LSPS Γ . That means that TΨZ(θ) : lZ(θ)∞ → l∞(N; X) is deﬁned by(
TΨZ(θ)x
)
n = xn+1 −Ψ
(
ϕnθ,1
)
xn for x = {xn} ∈ lZ(θ)∞ .
We now see that
TΨZ(θ) = T Z(θ) + TΨZ(θ) − T Z(θ) = T Z(θ)
(
I + T−1Z(θ)
(
TΨZ(θ) − T Z(θ)
))
.
These identities yield that TΨZ(θ) is invertible provided that ‖TΨZ(θ) − T Z(θ)‖ < 1‖T−1Z(θ)‖ .
We next estimate the norm ‖TΨZ(θ) − T Z(θ)‖. In fact, for each x ∈ lZ(θ)∞ we have that∥∥TΨZ(θ)x− T Z(θ)x∥∥= sup
n∈N
∥∥Ψ (ϕnθ;1)xn −Φ(ϕnθ;1)xn∥∥ sup
n∈N
∥∥Ψ (ϕnθ;1)−Φ(ϕnθ;1)∥∥‖x‖ δ‖x‖.
Therefore, ‖TΨZ(θ) − T Z(θ)‖  δ. Since the family (T Z(θ))θ∈Θ is uniformly correct, the exists ν independent of θ such that
‖T Z(θ)‖ ν . Hence, if δ < 1ν then the operator TΨZ(θ) is invertible. Moreover, ‖TΨZ(θ)‖ ‖T Z(θ)‖−‖TΨZ(θ) − T Z(θ)‖ ‖T Z(θ)‖−
δ  ν − δ. It follows that, if δ < ν then the family (TΨZ(θ))θ∈Θ is also uniformly correct.
Thus, if δ <min{ν, 1ν } then, by Theorem 4.2, the LSPS Γ also has an exponential dichotomy. 
We illustrate our results by the following examples.
Example 4.4. Consider again Eq. (1.3) in Example 1.4
dx
dt
= (A + B(ϕtθ))x, θ ∈ Θ, t  0 (4.1)
where x(·), A, Θ , ϕ , B are deﬁned as in Example 1.4. However, let now A be the generator of an analytic semigroup
(T (t))t0 satisfying σ(A)∩ iR= ∅. Then, by [16, Example 2.1.4], we have that the semigroup (T (t))t0 is hyperbolic. There-
fore, the linear skew-product semiﬂow
◦
Π= (Ψ,ϕ) corresponding to the unperturbed equation
dx
dt
= Ax, θ ∈ Θ, t  0 (i.e., Ψ (θ, t)y = T (t)y)
has an exponential dichotomy.
Consider now the LSPS Π = (Φ,ϕ) generated by Eq. (4.1). Using the relation (1.4) we derive that
sup
θ∈Θ
{∥∥Ψ (θ,1) −Φ(θ,1)∥∥} MN‖B‖
where
M = sup
0t1
{∥∥T (t)∥∥}, N = sup
0t1, θ∈Θ
{∥∥Φ(θ, t)∥∥}, and ‖B‖ = sup
θ∈Θ
{∥∥B(θ)∥∥}.
Applying Theorem 4.3 we obtain that, if the norm ‖B‖ is small enough, then the LSPS π generated by Eq. (4.1) also has an
exponential dichotomy.
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dx
dt
= (A(t)+ B(ϕtθ))x, θ ∈ Θ, t  0 (4.2)
where x(·), A(t), Θ , ϕt , and B are deﬁned as in Example 1.5. Let now (A(t))t0 generate an evolution family (U (t, s))ts0
which has an exponential dichotomy (see [9, Example 5.4] for concrete examples of well-posed non-autonomous parabolic
partial differential equations that generate evolution families having exponential dichotomies).
Therefore, the linear skew-product semiﬂow
◦
Π= (Ψ,ϕ) corresponding to the unperturbed equation
dx
dt
= A(t)x, θ ∈ Θ, t  0 (i.e., Ψ (θ, t)y = U (t,0)y)
has an exponential dichotomy. Consider now the LSPS Π = (Φ,ϕ) generated by Eq. (4.2). Using the relation (1.6) we derive
that
sup
θ∈Θ
{∥∥Ψ (θ,1) −Φ(θ,1)∥∥} MN‖B‖
where
M = sup
0t1
{∥∥U (t,0)∥∥}, N = sup
0t1, θ∈Θ
{∥∥Φ(θ, t)∥∥}, and ‖B‖ = sup
θ∈Θ
{∥∥B(θ)∥∥}.
Applying Theorem 4.3 we obtain that, if the norm ‖B‖ is small enough, then the LSPS π generated by Eq. (4.2) also has an
exponential dichotomy.
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